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On a zero-range interaction of a quantum particle
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Abstract. Self-adjoint extensions of the operator-A with the domain €(R*) in the space
C*@ L,(R%) are described. Such operators are interpreted as Hamiltonians of a point
interaction of a quantum particle with the vacuum. Bound states and scatiering objects of
these Hamiltonians are investigated.

1. Introduction

A zero-range interaction {e.g. see [1-3]} is one of the most popular solvable models
of quantum mechanics. It is well adapted for description of a short-range interaction
of two quantum particles or, equivalently, of a quantum particle with an external field
at low (at least, not too high) energies. Hamiltonians H of a zero-range interaction
are constructed in the Hilbert space L,(R’) by the following explicit procedure. Suppose
that u e L,(R*) is a smooth function outside of any neighbourhood of x=0 and has
the asymptotics

u(x)~u x|+ 4t uPec (1.1)
as x-0. Then H=H(x) is defined by the !‘nrm- la (H )(x) (Ar..)( x),x#0, on
functions u satisfying ( 1.1) with coefficients 4" related by u'" = au‘®, & €R. For the

boundary condition u‘® = 0 the singularity of (1 1) at x =0 dlsappears and we obtain

the Hamiltonian H,= —A of a free particle. For any « €R a zero-range ‘potential’ is
always negative. If a =0 the ‘depth’ of a zero-range well is not sufficient to bind a
particle and such a well contains exactly one bound state with energy — o’ if a <0,
Note that the Hamiltonians H(a) and H, are self-adjoint extensions of the symmetric
operator H = —A defined on functions u(x) vanishing at x=0 (so that 4”=uV=0
in (1.1}}. All self-adjoint extensions of H are exhausted by the family H(a) and H,.

In the present paper we give a similar construction in the case where an additional
one-dimensional (or, more generally, finite-dimensional} space is added to L,(R%).
Thus, we consider Hamiltonians generated in the space C@ L,(R*) by the differential
operator —A and some boundary condition at x =0, Actually, we distinguish two
families of operators Ho= Hy(Ay, @) and H = H(A, a, a) parametrized by real
numbers 4,, A, « and compiex numbers a,, a. Hamiltonians H, and H are defined
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964 D R Yafaev

on elements u ={¢ u}, where £€C and a function u{x) has the asymptotics (1.1) as
x-0. Coefficients & u'”, u'" are related by the formulae

u'® =—a,£ (for Hy) and u" = ag+au® (for H)

where the overbar means complex conjugation. It turns out that the operators intro-
duced by the equalities

Hyu ={Aot+ agu'”, —Au} Hu={A¢+au™, —Au}

are self-adjoint in the space C® L,(R*). In the case a =0 or a,=0 the Hamiltonians
H and H, are decomposed into orthogonal sums of operators in C and L,{R*), Actually,
H(A,0,a)=A®@ H(a), where H(a) is the operator defined in the previous paragraph.
Thus, setting @ =0, we recover the Hamiltonians of zero-range interaction in the space
Ly(R?). Similarly, in the case a,= 0 we have that H,(A,, 0) = A,® H,, where H, is the
‘free’ Hamiltonian.

Operators Hy,= H(Aq, ao) and H = H(A, a, a)} can serve as model Hamiltonians
for a description of interaction of a quantum particle with an external quantized field
at low or moderate energies. Since the number of particles in such a process is not
conserved, the problem should be formulated in the Fock space. In the model introduced
above, the operators act in the space C® L,{R’) with the vacuum and one-particle
sectors only. Thus, possible annihilation of a particle is taken into account but creation
of two or more particles is neglected. Such an approximation seems to be reasonable
for tow energies and, anyway, this is a price that we have to pay for solvability of the
model suggested. Constants A,, A correspond to interaction of the vacuum with itself,
a,, a describe the point interaction of a particle with the vacuum and e is the depth
of zero-range potential well. So by means of the boundary condition we have introduced
non-trivial interaction of a particle with the vacuum.

Actually, we consider the somewhat more general situation where operators H,
and H act in the space C*@® L,(R®) with arbitrary finite k. In this case A,, A are
self-adjoint matrices and a,, @ are vectors in C* In our interpretation the case k> 1
corresponds to the degeneracy of the vacuum. Operators Hy and H are self-adjoint
extensions in the space C*® L,(R’) of the operator H defined by the formula Au=
{0, —Au} on elements u such that £ = u® = u'"? =0. We emphasize that the operator
H is not densely defined but the domains of the Hamiltonians H; and H are dense
in the space C*@ L,(R%).

This paper was inspired by the works of Yu M Shirokov [4, 5], where highly singular
potentials were considered in the framework of the theory of distributions. A correct
mathematical interpretation to [4, 5] was given by B S Pavlov and his co-authors (e.g.
see [6~8]). Our intention here is to find explicit formulae for all Hamiltonians of
zero-range interaction. In particular, we show that the problem of description of
self-adjoint extensions of the operator H in the space C*@® L,(R*) admits quite an
elementary and complete solution. In fact, all such self-adjoint extensions are exhausted
by the operators Ho= Ho{A,, a;) and H{A, a, «) introduced above. Therefore, zero-
range Hamiltonians are described, up to some finite-dimensional term, by the same
differential operator ~A and the boundary condition at x =0, which ‘couples’ the
vacuum and the one-particle sectors. Furthermore, we give explicit formulae for
quadratic forms of the Hamiltonians H, and H. This is very useful for a qualitative
analysis of their discrete spectra.

From a technical point of view we rely on the spherical symmetricity of the problem.
Let us first explain this point using the example of self-adjoint extensions of H in the
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space L,(R%). Separating the radial variable r=|x|, we reduce the problem to the
consideration of the family of the operators —d*/dr*+ I{I+1)r 2, where I=0,1,2,...
is the orbital quantum number, with the domains CF(R.) in the space L,(R.). The
operators for 11 are essentially self-adjoint so that it suffices to describe self-adjoint
extensions of the operator —d*/dr* only. All these extensions are parametrized by the
boundary condition u'(0}=au(0), @ €R or u(0)=0. Returning to three-dimensional
notation, we obtain the operators H(a) or H, introduced in the first paragraph.
Similarly, the construction of self-adjoint extensions of H in the space C*@® L,(R%)
reduces to the same problem for the operator H= —d?/dr’ with the domain C3(R.)
in the space C*® L,(R.).

The main motivation for writing this paper was the following curious observation.
Suppose that k =1 and (as is physically reasonable) that a vacuum-vacuum interaction
is zero, The operator H(0,0, a)=0 for a =0 but, for arbitrary a # 0, the operator
H(0, a, a) has a negative eigenvalue. Thus, even if a zero-range potential well is so
shallow that it does not bind a particle, a bound state arises as an arbitrary weak
interaction when the vacuum is switched on. On the other hand, the operator Hy{0, ;) =
0 for all @& C. This means that, in the absence of a potential well, an interaction with
the vacuum never binds a particle.

This paper is organized as follows. In section 2 we describe all self-adjoint extensions
H and Hn of the nneratnr H in the space d“"ﬂ I,.(ﬂ? \ The main result ic formnlated
as theorem 1. Its proof is given in section 3. In section 4 we give expressions for
quadratic forms of the constructed Hamiltonians and analyse their discrete spectra.
In section 5, resolvents and scattering matrices are calculated and quantative informa-
tion about eigenvalues is obtained. Finally, in section 6, the results of previous sections
are reformulated in terms of the representation in the space C*@® L,(R*).

2. The zero-range Hamiltonians

Let #=C*® L,(R.) be the ‘truncated’ Fock space with only the vacuum {possibly
degenerate) and the one-particle sectors. Thus, elements of # are couples u={£ u}
where £ C* ue L,(R,). The scalar products in ¥ and C* are denoted by (-, -) and
{-, ), respectively. Clearly, L,=L,(R.) can be considered as the subspace of 7 if
elements ue L, and u={0, u}c ¥ are identified. Hamiltonians corresponding to a
zero-range interaction of a particle with the vacuum are introduced as self-adjoint
extensions of the symmetric operator H = —d?/dr® defined on the domain @(H) = Cy
(the set Cg = C3(R,) consists of functions vanishing in some neighbourhoods of zero
and infinity). The domain QB(H ) is not, of course, dense in #. We shall construct all
self—adjomt {densely deﬁned) operators H in the space # such that Q)(H Yo @(H)
and Hu= Hu if ue@(H)

Denote by W3= W3(R,) the Sobolev space of functions which belong to L, with
its two derivatives. For functions u¢€ W3 the boundary values u(0) and u'(0) are
correctly deﬁned Let Wz consnst of those u € W? for which #(0) = u'(0}=0, Clearly,
the closure of H is defined on WZ We are now able to formulate our main result,

Theorem 1. Suppose that A is some self-adjoint operator in C*, vector acC* and
e €R. Let D{H) < C*® W consist of elements u = {£ u} such that

u'(0)= (g a)+ au(0). (1)
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Then the operator H = H(A, a, a) defined by the formula
Hu={Af+u(0)a, —u"} (2.2)

is self-adjoint and HcH Suppose that A, is some self-adjoint operator in C* and
vector goe C* Let @(H,) < C*@® W3 consist of elements u such that

u(0) = —(¢, ay). (2.3)
Then the operator Hy= Hu( Ay, a) defined by the formula
Hou={An¢+u'(0)ay, —u" (2.4)

is self-adjoint and H < H,.On the other hand, any self-adjoint extension of the operator
H in the space # has one of these two forms,

We emphasize that the operators H and H, are determined by non-diagonal
matrices. For example,

(A 8()a _
H—(O —-dz/drz) &(u)=u(0)

where u is written as a column. Nevertheless, such an operator is self-adjoint due to
boundary condition (2.1} which ‘couples’ C* and L? components of u € Z{H).

Operators H and H, are called zero-range Hamiltonians here. Vectors ae C* or
a,€ C* describe a point interaction of a particle with the (degenerate) vacuum. If a =0
or a,=0, then the Hamiltonians H or H, are decomposed into orthogonal sums of
two operators acting in C* and L,(R.). Operators in C* are determined, of course, by
kx k Hermitian matrices A or A,. The one-particle operator is ~d*>/dr’ with the
boundary condition u'(0) = au(0) (for H) or u(0)=0 (for H,). The first case corres-
ponds to an interaction of a particle with a zero-range potential well, For the Dirichlet
boundary condition u(0) =0 the depth of the zero-range potential well is zero so that
such an operator describes a free particle.

Note that the matrices A and A, can be chosen to be diagonal. Let, for example,
A= T*AT with a unitary T:C* - C* and a diagonal matrix A =diag{A'"}. Set d = Ta.
Then Hamiltonians H parametrized by A, a, @ and A, 4, « are unitarily equivalent:

H(A,a a)=bH(A, d, a)d*
where @,
Q¢ up={T*¢ u} (2.5)

is a gauge transformation. Furthermore, we can take into account that the relation
A= T*AT holds if T is replaced by AT, where A = diag{exp(i¢"’)} and real numbers
@'Y are arbitrary. Thus, we can always obtain a vector & = Ta with non-negative
components. Therefore, up to a canonical unitary equivalence, Hamiltonians H are
parametrized by k real numbers A“’, k non-negative numbers d'”’ and a real number
a corresponding to a point interaction in L,(R.). In particular, in the case k=1 the
zero-range interaction of a particle with the vacuum is described by a complex constant
a which, due to the gauge transformation, can be chosen non-negative. Similarly, if
Ag= T*A,T and d, = Ta,, then

Hy( Ao, ag) = B Ho( Ay, do)D*

where @ is again defined by (2.5). The matrix A, can, of course, be chosen to be
diagonal and vector d, to have non-negative components.
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We emphasize that if a'(a,) is an eigenvector of A {A,) then the Hamiltonian
H (H,) is decomposed into an orthogonal sum of an operator of the same type in the
space C@® Ly(R.) and of a self-adjoint operator in C* . In the general case a reduction
to the case k=1 is not possible.

In the space # = L,(R,) the Hamiltonian H{(a) generated by the differential
operator —d*/dr® and the boundary condition u'(0) = au(0) converges as |a|—> to
the free operator H, for which u{0) = 0. More precisely, for any complex z the resolvent
of H(a) converges in the topology of the norm to that of Hy. It is allowed here that
either a >, i.e. the depth of the zero-range potential well tends to zero, or & > —0,
i.e. the depth tends to infinity. A similar assertion holds in the space #=C*@® L,(R.).
In fact, Hamiltonian (2.3), (2.4) can be obtained as some limit of Hamiltonians (2.1),
(2.2). This procedure requires, in particular, a vacuum renormalization. The proof of
the following assertion will be given in section 5.

Proposition 1. Let
Hy= Hy(Aq, ap), A, = Ao+ al, aga, a, = aay
and
H,=H(A,, a,, a).
Then
Jim_ I(H,—2)"' =~ (Hy—2)7!|| =0 Imz#0. (2.6)

3. Proof of theorem 1

Here we describe all symmetric (densely defined) and, in particular, self-adjoint
extensions H of the operator Hy= ~d?/dr* with the domain F(H)=C o(R,) in the
space #=C*@® L,(R.). In this section we denote the C* component of u={¢ u} by
Uy, 1.€. we set up= £ We start with the following simple observation.

(Hu, v)=(u, w). 3.1)

L4

Then ve W3 and w=—1v".

Proof. Since u,=0 and (Hu),=0, (3.1) implies that

—I u"(r)—t;(r_)dr=’|- u(rwir dr
o 0

for arbitrary u € Cy. It follows that u has two (distributional) derivatives and w = —¢".
Moreover, v € W3 because we L,. O

Let us now find necessary conditions on symmetric extensions H of H.

Lemma 2. Let H= H< H*. Then
P(H)=C*O W3R, =D, (3.2)
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and there exist a linear operator L: C*» C* and vectors I, { € C* such that
Hu = {Lup+u(0){+u'(0)], —u"} (3.3)
for any w={u,, u}c @(H).

Proof. Inclusion (3.2) is animmediate consequence of lemma 1. Furthermore, according
to lemma 1 the L, component of Hu equals —u". To find (Hu), we denote by ¢ and
¢ some smooth functions on R, with compact supports such that ¢(0)= ¢’(0) =0,
#'(0)=8(0)=1. An arbitrary function u € W3 can be decomposed uniquely into a sum

u=ap+pB0+i fie W2 (3.4)

where a=u'(0), B=u(0). Therefore, every wueP(H) has a form a=
{tq, w'{0)p+u(0)0}+4d with e (H). Since (Hi),=0, the C* component of Hu
depends on u,, u(0) and u'(0) only. This ensures representation (3.3). [}

According to (3.4) the factor space X,=9,/%(H) consists of vectors
{uy, u(0), ©'(0)} and has dimension k+2. By (3.2), @(H)=93(I—?)-1—X, where X is
some linear subspace of X,,. Let J: {uy, u(0), u'(N} ~ u, be the natural projection of
M, onto C*, It is easy to see that D(H) = H if and only if JX = C*. Indeed, suppose
" that

(fos uo>+rf(x)ﬂx_) dx=0 (3.5)

for some fe & and any u € @(H). In particular, choosing # ¢ @(H) we find that f=0
so that (3.5) is equivalent to (f;, u) = 0. Clearly, fo =0 if and only if u, e C* is arbitrary.
Thus, we assume below that JX = C*, It follows that dim X = k.

Suppose now that an operator H is defined by (3.3) on a domain &(H) = @(H) + X.
Let us construct its adjoint H*. Assume that for some v, we H and arbitrary u e @(H)

(Hu, v)={u,w) w=H*p (3.6)
By lemma 1, w = —¢" and integrating by parts, we obtain the equality

((Hu)q, vo)—{ug, woy — u(0)0'(0) + u'(0)u{0) =0 (3.7)

which is equivalent to (3.6).
Below, we study the cases dim X =k, k+ 1, k+2 separately. If dim X = k, then the
values of ug, u(0} and u'(0) for we Z(H) are connected by the two relations

u(0) = (u, b u'(0) = (u,, b b, beCk (3.8)

Thus, (3.3) is reduced to Hu={Bu,, —u"}, where B(B=L+{-, )l +(-, B>} is some
linear operator in C* Since u,e C* is arbitrary, (3.7) determines

wo = B*v,— v'(0}b + v(0) b, (3.9)

The inclusion H = H* is equivalent to the relation w,= By, for ve @(H). By (3.8},
(3.9) this relation holds if and only if the operator B+{(-, k)b is self-adjoint. Under
this assumption the operator H is symmetric. However, if w, is defined by (3.9), then
(3.7) and therefore (3.6) are fulfilled for arbitrary ve 9,,. Thus, Z(H*) =2, so that
H is not self-adjoint.
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Further, let dim X =k+1. Then u,, u(0) and u'(0) are related by one of the
conditions (2.1) or (2.3) where £=u,; a and a, are some vectors of C*, and eeC. In
case (2.1} we can rewrite (3.3) in the form

Hu = {Aug+ u(0}m, ~u"
A=L+{,a)l:CF>C* m=Il+a fec*

and (3.7) in the form

(o, A*v— wo+ v(0)a) + u(0)({m, vy) + av(0) — v'(0)) = 0.

Since u,€ C* and u(0) are arbitrary, this is equivalent to the two relations

wo=A¥v,+ v(0)a v'{0)={v,, m)+ &v(0). (3.10)
Thus, (3.6} is fulfilled for arbitrary v @(H) and w= Hpv if and only if
A= A* a=m a=4a.

Under this assumption H coinctdes with operator (2.1), (2.2), i.e. H=H, and H < H*.
On the other hand, if (3.6) holds for some v then, according to (3.10), v @(H) so
that H is self-adjoint.

Similarly, in case (2.3) we rewrite {3.3) in the form

Hu={Aqu,+u'(0ymy, —u"
Ay=L—(, al: C*>C* m,=TeC*
and (3.7) in the form
{1y, AF vy — wo+ v'(0)ae + u'(0){({my, voy + v{0)) =0.
Since u,e C* and u'(0) are arbitrary, this is equivalent to the two relations
wo=A¥v,+ v'(0)a,
v(0) = —{vy, Mmg).
Therefore, (3.6) is fulfilled for arbitrary v @ (H) if and only if

A= AR n
a7 g a

(3.11)

= m._
LT

U 0
Under this assumption H coincides with operator (2.3), (2.4),i.e. H = H,, and H < H*,
On the other hand, if (3.6) holds for some v then, according to (3.11), ve @(H) so
that H is self-adjoint.

Finally, if dim X = k+2, then X = X, and the values of g, u(0), 4'(0) for u e Z(H)
are arbitrary. According to (3.3}, (3.7) v(0) ={v,, ), v'{0)=(1,,1) so that v & I(H)
and H is not symmetric. This concludes the proof of theorem 1.

4. Quadratic forms and bound states

Let p[-,-] be a closed positively definite quadratic form with domain @[y] in some
Hilbert space %WzH By definition, a self-adjoint operator Y corresponds to
yl-, it B(Y)< D[y] and ( Yf, g) = y[f, g] for every fe D(Y) and g e D[y]. It follows
that @(Y) is dense in @[y] in the metrics of y[-, -]. The lower bounds of y and Y are
the same. It can be shown (e.g. see [9]) that there is one-to-one correspondence between
positively definite self-adjoint operators and closed quadratic forms. In particular,
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given an operator Y the form y is constructed as y[f, g]=(Y"?f, Y'/*g) on domain
B[y]=D(Y"?). The case of semibounded (from below) operators can always be
reduced to the positively definite one by shift by some constant. Quadratic form is a
convenient tool for the study of the discrete spectrum. Indeed, for any A € R the total
multiplicity of the spectrum of an operator Y in the internal (—co, A) equals the maximal
dimension of such linear sets .# < D[y] that y[f, f1<A|| f]) for every fe H, f#0.

Now, let the operator H be defined by (2.1), (2.2). Integrating by parts we find
that for u=1{¢ u}e H{H)

hlu, u]= (A& &£)+2 Re(é, ayu(0)+ a|u(0)|2+j |u'(r)* dr. (4.1)
The domain @[ h] is defined as the closure of @(H)} in the metrics
hlu, u]+c|§|2+cJ‘ |ur)i* dr (4.2)
LH

for sufficiently large ¢>0. Let W)= W}(R.) be the Sobolev space of functions which
belong to L, with their first derivatives, Note that for u € W) the boundary value u(0)
is well defined and |u(0)|< C|lufws but u'(0) is not, of course, bounded by |[u w:.
Therefore, the metrics, (4.2}, is equivalent to |£]°+ || u[|31 and the boundary condition
(2.1) disappears by closure of @( H). It follows that D[ h]=C*“@® W) and representation
{4.1) holds for all ue @[A].

Similarly, we obtain the expression

holu, u]= (A& &)+ J‘O |luw'(r)|* dr (4.3)
for the quadratic form of the operator H, defined by (2.3), (2.4). The domain Z[h,]
equals the subset of those ue C*@ W) for which boundary condition (2.3) holds.
The spectra of the operators H and H, consist of the positive continuous parts
(this is discussed in section 5} and, possibly, of some numbers of negative eigenvalues.
Here we shall show that these numbers equal the numbers of negative eigenvalues of
some finite-dimensional matrices. Let us introduce an auxiliary operator A in the space
C**! by the formula

Af={Af+Ea, (g a)taf'} §=1{¢ ¢}
where ¢ CF, ¢'eC.

Theorem 2. The total number of negative eigenvalues (counted with their multiplicity)
of the operator H (H,) equals the total number of negative eigenvalues of the operator
A(A,) in the space C**(C*).

Proof. According to (4.1)

hlu, u]l=(AE Eein + [ |u'(r)f dr £=1{£ ¢ £'=u(0). (4.4)
4]

Let us denote by M and m the subspaces in @[h] and C*™' spanned by eigenvectors

corresponding to negative eigenvalues of the operators H and A, respectively. Then

N =dim M and n = dim m are total numbers of eigenvalues of the operators H and A,
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First we show that N < n. Let an operator Q: @[]~ C**' be defined by the relation
Q& ul(-)}={£& u(0)} and let M = QM be the image of M under this transformation.
According to the relation

(A£, g)ck+l+[ lu'(r)|?dr <0 ue M u=0 (4.5)

0
the equality Qu =0 for w € M is possible only if # =0. It follows that dim M= dim M.
Since, again by (4.5), (A£, £)cin <0 for every £€ M, £+ 0 we have that n = dim M = N.

For the proof of the inequality N = n we take into account that there exists y>0
such that

(Ag, E)crn= —y|glern (4.6)

for every £={¢ £} m. Denote u(r)={¢ £'0(er)} where 6 is some smooth function
with compact support and 8(0)=1. The set M, of such u, is linear and dim M, =dim
m. According to (4.4), (4.6)

hla,, u.]<s—y{(|E+]|&P)+e|ef I |0'(r) dr <0 £#0
L]

for sufficiently small ¢, This shows that N=n.

Considering the operator H,, we shall use a similar notation but add the subscript
‘0’ to distinguish objects related to the operators H, and A,. Let Qy: @[ ho]>C* be
defined by Qu{£ u}=¢ and let M,= QuM,. It follows from (4.3) that the equality
Q.u =0 for uc M, is possible only if u =0 and that {Ay¢§ & <0 for all £€ 1’\7!0, £#0,
Therefore,

ne=dim M, =dim M= N,.

Conversely, for every £ € m; we define o, (r) = {& —(¢& ag)?(er)}. Such functions satisfy
boundary condition (2.3) for any £ >0 and, by (4.3),

(=]

hO[ue: us] = (A()fs §)+ El(é:s aO)l2 J, IG’()’)lz dr‘

0

This quantity is negative for sufficiently small >0 and ¢ # 0 since (A.¢, &)< —v|¢],
v>0, for all £em,. O

Corollary 1. The total numbers of negative eigenvalues of the operators H and H, do
not exceed k+1 and k, respectively.

The results on the operator H are formulated in terms of the auxiliary operator A.
However, some information is available in terms of the operator A only.

Corollary 2. Suppose that the operator A in C* has a negative eigenvalue. Then for
arbitrary aeC* and a e C the operator H has a negative eigenvalue. Moreover, the
same conclusion is valid if A has a zero eigenvalue but a is not orthogonal to the
corresponding eigenspace of A,

Proof. According to theorem 2 it suffices to show that
(Ag, E)ckrr =(AE £)+2 Re(a, H)E + e[t <0

for some £={¢ ¢}eC*"'. Let Af=A§A<0,£#0, and set £ =—e(¢, a). Then
(A& Erern = Aléf ~ e(2 - ae)l(a, OF.
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The right-hand side here is negative for sufficiently small £ >0 if either A<0 or A=0
but (a, £ # 0. O

Below, until the end of this section, we suppose that k=1 so that the vacuum is
unique. In this case A is a real and a is a complex constant. By corollary 2, the operator
H has a non-trivial negative spectrum for arbitrary A<0, a and . Furthermore,
according to theorem 2 the number of negative eigenvalues of H is determined by the
2x 2 matrix

A
A=( a) AcR ach acC.
a o

Finding its eigenvalues we obtain the following result.

2 mmmente IF Lo duiin emoaddcs FOR— LY P —
1€ Operawdr fx nLas \wo MNEgduve Sigénv 1
S

alues if and o 1}}' i
A+a <0 and |al* < Aa. It has one negative eigenvalue if and only if |a|*> Aa or
|af= Aa and A+a<0. The relation H =0 is equivalent to the two inequalities

A+a =0 and |a’ = Aa.

[y o PR T AP ]
neogrem J. LCL = 1.

Physically it is reasonable to assume that there is no interaction of the vacuum
with itself. This is the case if A=0. For an arbitrary A the problem can be reduced
by shift to that without vacuum-vacuum interaction if the operator —d*/dr” is replaced
by —d?/dr’— A. This procedure makes sense if A<0 so that —d*/dr’—A>0. The
operator H for A=0, a =0 has the zero eigenvalue at the bottom of the continuous
spectrum. Besides, it does not have negative eigenvalues if a = 0. Coroellary 2 or theorem
3 show that the zero eigenvalue transforms into an isolated negative eigenvalue as an
interaction of a particle with the vacuum is switched on. In the case A<0 the operator
H for a=0 has a negative eigenvalue. This eigenvalue cannot be absorbed into the
continuous spectrum due to an interaction of a particle with the vacuum.

The results on the operator H, are formulated even more simply. Actually, according
to theorem 2, H, has a negative eigenvalue if and only if A,<0. Recall that the
Hamilionian H, corresponds to the case where there is no potential zero-range interac-
tion. Thus, if A,=0 an interaction of a particle with the vacuum never binds this
particle. On the other hand, the bound state existing for A;<0 and a,=0 never
disappears as an interaction with the vacuum is switched on.

5. The resolvent and the scattering matrix

To construct the resolvent of the operator H we must solve the system of equations
Af+u(D)a-zé=n Im z#0 £ neC* (5.1)
—u'—zu=f ufel, (5.2)
with boundary condition {2.1). The solution of (5.2) is given by the formula
o0
u(r)=yexp(iz"*r)+i(2z"*)~" J' exp(iz'/3r—r/|)f(r) dr’ Imz'/?>0 (5.3)
0
so that

u()=y+iJ w'(0)=zYiy+J) (5.4)
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where
J=J(z)=(2z"%)"" J expliz"/?r)f(r) dr. (5.5)
0

Applying the resolvent R,(z) =(A—1z) ' to (5.1) and replacing u(0) by its expression
(5.4) we find that

¢=Rulz)n —{y+iJ)Ra(z)a (5.6)
and hence

(& a)+(Ra(z)a, a)y =(Ra(z)m, a) —i(Ra(2)a, a)J. (5.7)
Substituting (5.4} into boundary condition (2.1) we obtain that

g ay+(a—iz"Dy=(z"~ia)J (5.8)
Now, subtracting (5.8) from (5.7) we find

y=D7(2)(Ralz)m, a)+ (ia — 2" +i(Ru(2)a, a))J] (5.9)
where

D(z}) =(Ra(z)a, a}+iz'"? - a. (5.10)

Thus, according to (5.3), (5.6) we have obtained expressions for u and &

Let us rewrite these expressions in matrix notation. It is convenient to introduce
the resolvent R,(z) of the free operator —d?/dr? with the boundary condition u(0)=0
in the space L,(R.). Clearly (cf. (5.3)), ®(2) is an integral operator with kernel

i(2z*)y Hexpl(iz'/Yr—rl) —expliz"/*(r+ )1}

Define operators I‘(z)=FA|u(z):C"—> L, and Ik‘(z)=I~‘A|a(z): L, C* by the formulae
Taa(2)n)(r) ={Rs(2)7, a)exp(iz'/*r
( A, (2)m)(r) =(Ra( )m, a) exp( ) (5.11)

[uo(z)f =Rul2)a J( exp(iz'/2r)f(r) dr
(1]

and let K(z) be an integral operator with kernel exp(iz'/*(r+r’)). Then, (5.3), (5.6}
and (5.9) show that

_[Ra(z) O L[~ RaD)@RA(2)a F(2)
R(Z)“( 0 %(z))“’ (z)( r(z) —K(z))‘ (5.12)

Similarly, in the case of operator {2.3}, (2.4) the solution of the equation (Hy,— z)u =
L a={£ u}, f={n, f}, is given by (5.3) and

£=Ru(z)n—z"*(iv+J)Raf2)a0
where J is defined by (5.5),

y= D5 (2)[{z""XRa(2) a0, ao)—1)J = (Ra{2)n, ao)]
and

Dy(z)=1-iz"* (R, (z) a0, ao). (5.13)
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It follows that the resolvent Ro(z) = (Hy—z)"' has the following representation:

Ratz)= (RAS(Z) gao(zz))

+D41(2)(iz”2(', Ra(2)ag)Ryf2)ay -T'o(2) )
¢ ~To(z) (Ra(2) a0, ayK(z)

with Fo=T4, .., [o=T4, 4, Thus, we have obtained the following result.

(5.14)

Theorem 4. The resolvents of the operators H and Hj are given by (5.12) and (5.14),
respectively.

Let us now prove proposition 1. If A=A, = A;+a(-, as)a,, then
RA(Z)TI = RAO(Z)T.' = ﬂ(RAo(z)"?, ag)(1+ "-Y(RAO(Z)QO, ﬂo))_lRAo(z)ﬂo-
In particular, for a = a, = aa,

Ri(z)a=a(1+a(R,(z)a,, ap)) ' Ra(2)a,.
It follows that

Ra(z)a~ RAQ(Z)QOMRA,,(Z)GO, ao)

and
D(z)=iz"? - a(1+a({Ra(2)d,, ap)) ™' = —Do(z)/{Ra,(2)ag, a)

as & — 00. Therefore, comparing (5.12} with (5.14) and taking into account (5.13) we
arrive at (2.6},

The resolvents of the operators H and H, are analytic functions on the two-sheet
Riemannian surface of the function z'/*. Poles of R(z) and R,(z) lying on the first
sheet (where Im z'/>=0) are real and coincide with eigenvalues of H and H,, respec-
tively. Poles on the second sheet (where Im z'/><0) are naturally interpreted as
resonances of H or HO

Eigenvalues of ihe operaior H are deierimined by zeros of the function D(z).
Indeed, applying (5.12), or by a direct solution of the equation Hu = za, we obtain the
following results. Suppose first that z <0 is not an eigenvalue of the operator A. Then
z is an eigenvalue of the operator H if and only if D(z}=0. This eigenvalue is simple
and the corresponding eigenvector is

u=y{-R.(z)a, exp(iz'/*r)} vyeC. (5.15)

Suppose now that z is an eigenvalue of A, and denote by #,(A) the corresponding
eigenspace. Then, for every £ W,(A) such that (£ a)=0 the element u = {£, 0} is an
cigenvector of H. In particular, a degenerate eigenvalue of A is also an eigenvalue of
H. Furthermore, if the vector a is orthogonal to ¥, (A), z <0, then H has an eigenvector
of the form (5.15) if and only if D{z)=0. Here R,(2} in (5.10) and (5.15) should be
replaced by its regular part at the point z (i.e. the part containing the pole should be
omitted). The results for the operator H, are formulated quite sn'mlarly In particular,
if z does not belong to the spectrum of A, then z is an eigenvalue of H, if and only

if Dy(z)=0. The corresponding cigenvector is

u=y{-iz"? R, (2)a,, exp(iz"/*r)}.
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In the case k =1 the equation Dy(z) =0 is quadratic with respect to s =—iz"? and
can be solved explicitly. Indeed, it has the roots

232 = “laoli (ia0|2_4A0)]/2.

Roots s lying on the positive half-axis correspond to eigenvalues z=—s° of H and
roots s in the left half-plane correspond to its resonances z = —s* Let us analyse the
dependence of s, on the coupling constant g, of the interaction of a particle with the
vacuum. Note that for a,=0 the operator Hy = H,{ Ay, 0) has the eigenvalue A, (the
corresponding function Dy(z) has poles on both sheets of the Riemannian surface of
the function z'/?). If A,=0, the zero eigenvalue of Hy(A,, 0) is split up for a, # 0 into
the negative eigenvalue —|a,* and the zero-energy resonance at the bottom of the
continuous spectrum. If A, <0, the negative eigenvalue A, transforms for a, # 0 into
the negative eigenvalue A = —s2 and the resonance at the point —s2. Finally, in the
case A,> 0, the positive eigenvalue A, creates two resonances —s2 which are complex
and mutually conjugated if |a,|* < 4A, and are negative if |a,]>=4A,.

The equation D(z)=0 is cubic (for k = 1) with respect to z/? and also allows one
to study the behaviour of eigenvalues and resonances of the operator H with respect
to parameters A, @ and a. In terms of 5 =—iz'/? this equation reads

(s’+A)(s+a)-|a*=0. (5.16)

We describe only the dependence of eigenvalues of H = H({A, a, a} as a - 0 for fixed
A and a. Let first A=0. Then, by (5.16) the operator H has exactly one negative
eigenvalue A for small a (this is also a consequence of theorem 3) and A ~ —|a|*? for
a=0,A~—a '[a]* for a>0and A ~—a’+2a '|a]* for a <0. If A>0, then H has a
negative eigenvalue A only for a < 0. In this case

A=—a’+2a(A+a?)al’ (5.17)
Finally, if A <0, then H has only one eigenvalue
A~A—(A""2+a)al? (5.18)

for @ =0 and two eigenvalues A,, A, for @ <0. If |A|# «?, then one of them has the
asymptotics (5.17), and another the asymptotics (5.18). If |Al =a?, then

Mz~ A=(2al)al

The explicit representations for the resolvents allow one to construct the spectral
family of the operators H and H,, the expansions in eigenfunctions and so forth,
Since, however, this is quite similar to the same procedures for the standard zero-range
interaction (without the interaction with the vacuum), we will not dwell upon it.

Let us calculate only the scattering matrix for the Hamiltonians H and H,. Note
previously that all basic objects of the scattering theory are well defined in our case.
We can choose for an unperturbed operator H'” the operator Hy(Ay, 0) for any A,,
Since the absolutely continuous part of Hy(A,, 0) does not depend on A, any choice
is possible. For instance, we can set A, =0. The wave operators for the pair H'”, H
exist, are complete and the scattering matrix S(A): C—>C,A>0 is defined by the
following standard procedure. One looks for the solution of the equations

Af+u(0ja=A¢ —u"=Au
satisfying boundary condition (2.1) and having the form

u(r) =exp(=iA"?r}— S(r) exp(ir'*r).
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~ Similarly to the solution of (5.1), (5.2) we find that
S{A)=D(A-10)D7"(A +i0) D(A—i0) =D(A +i0} (5.19)

if Ag¢ o{A) or Aca(A) but a is orthogonal to #,(A). Just in the same way we find
that the scattering matrix Sp(A) for the pair H, H, is

SO(A)=D0(A-—i0)D5‘(/\+i0) Dy(A—i0) = Doiz\+i0 (5.20)

PR P

a(a,) has a non-trivial projection onto (A)(./V,\ A())), then S(,u)—>1(S0(p.)->l as
p-> A (from both sides). Thus, the functions S(A) and S,(A) are continuous in A > 0.
Furthermore, S(A)-> —1 and S,(A)=>1 as A->co. Recall that for a zero-range potential
well (without an interaction with the vacuum) the scattering matrix tends to —1 as
A -0, The fact that Sy{A)- 1 as A >0 is not surprising because for the Hamiltonian
H, the zero-range potential weil equals zero.

6. The three-dimensional representation

As was noted in the introduction, the study of an interaction of a three-dimensional
particle with a zero-range potential well and the vacuum can be reduced to that for a
particle on the half-axis. Actually, let % =C*@® L,(R*) now, so that elements of ¥ are
couples u={¢ u}, £cC* ue L,(R*). Hamiltonians are introduced as self-adjoint
extensions of the symmetric operator H=—A defined on the domain of elements
u={0, u}, ue CF(R’\{0}). Let us introduce spherical coordinates r =|x|, @ = x|x| " in
R’ and set

u(x)= L 7~ u(r) Yi(w)
where Y, is the spherical function. Since
(Au)(x)= % r ' [=uf(r)+ 11+ 1) u(r}] V(o)
=0

the operator H in the space L,(R?) is unitarily equivalent to the orthogonal sum of
the operators

Hy=—-d*dr+I1(i+1)r? 1=0,1,2,...

acting in the space L,(R,) and defined on C7(R,). The operators H, for I=1 are
essentially self-adjoint. Therefore, the problem is reduced to construction of self-adjoint
extensions of the operator Ho in the space C“@® L,(R,).

This problem was considered in theorem 1. Now we need only to rewrite its results
in terms of the space C*@® L,(R*). In this representation the role of the set D, =C“®
W3(R.) is played by

D, =C*® WiR?)
where W'Z(RJ) is defined as follows. A function u e W32 AR i

W3(R*) outside any neighbourhood of the point x=0 and it admits as x>0 the

representation

u(x)=u""x|"" +uV + o(x)
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where ve W(R®) and ©(0) = 0. Let the operator —A be defined on W3(R?) in the sense
of distributions with the set of test functions being C5(R*\{0}). The following assertion
is a direct reformulation of theorem 1.

Theorem 5. Suppose that A, Ay, o, a, and @ are the same as in theorem 1. Let
P(H)< D, consist of elements = {£, u} such that
V=(¢ a)+au®
Then the operator H defined by the formula
Hu={At+ua, —Au}
is self-adjoint and He< H. Let 9(Hy) < D, consist of elements u such that
@ = —(&, ao)-
Then the operator H, defined by the formula
Hou={At+uVa,, —Au}
is self-adjoint and Hc H,.On the other hand, any self-adjoint extension of the operator

H in the space ¥ has one of these two forms.

All remarks made in section ? are relevant for operators H, and H considered in

remarks maae 1n sgction 2 are relevant 1or “IQWLla 21l Gl UL ) AR AN B

the space C*@® L,(R?). In particular, proposition 1 also holds in this representation.
The resolvents R(z) and Ry(z) of the operators H and H, are again given by (5.12)
and (5.14). Now %,(z) and K(z) are the integral operators with kernels

(47) Yx —x|" expliz"*|x—x|)
and
(4m) ™ (|xilx ™" exp(iz (x| +[x])

respectively. The funct:ons D(z) and Do(z) are, as before, defined by (5.10) and (5.13)
andT=T,,, = I'A as Lo=T a,a» Io= FAO «- Accordingto (5.11), the operators I, ,(z):
C* > L,(R?) and I'aq(2): Ly(R*) > C* are determined by the equalities

(Faa(2)m)(x) =27 m Y ARA(2)m, a)lx| ™" expliz'|x])
Paa(z)f=27'7""*Ra(2)a J Ix™ expliz"2x)f(x) dx.

Finally, we note that (5.19), (5.20) give the following expressions for the scattering
amplitudes. They do not depend on angular variables and are

F(A)=—(iA"?—~a+(Ru(A)a, )™ Aga(A),
for the Hamiltonian H and
FofA) =(Ra,(A)aq, agy(1 —ir""*Ra(N) a0, 80)) " AE a(Ag)

for the Hamiltonian Hj.
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